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We analyze a two species discrete competition model in which one species
diffuses between two patches, A and B. In this model, two species, species 1 and 2,
compete in patch A with species 1 being the sedentary species. Thus, patch B is a
safe refuge for species 2. We obtain sufficient conditions for the extinction of
species 1. Species 2 is the superior competitor whenever a linear combination of its
growth rates always exceeds the growth rate of the sedentary species 1. By using a
specific example, we demonstrate that providing a safe refuge does not always
make a species a superior competitor. In fact, without diffusion, species 2 drives
species 1 to extinction. However, with the addition of diffusion, there is stable
coexistence of the two species. If the safe refuge is not suitable for its growth and
reproduction, species 2 may go extinct. We obtain sufficient conditions for the
extinction of species 2. We also show that a species persists whenever all of its
carrying capacities are sufficiently large. This result rules out the possibility of a
population becoming arbitrarily close to zero and therefore risking extinction.
Q 1996 Academic Press, Inc.
1. INTRODUCTION
Competition is an important biotic process that affects the population
dynamics of ecosystems. Many experiments involving similar species com-
peting for limited resources under laboratory conditions end in the extinc-
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tion of one of the competing species. Other experiments have led to the
 w x .coexistence of competing species see 9, 10, 14 , for examples . Theoretical
competition models, such as the Kolmogorov systems of equations, have
been used to obtain various criteria for extinction and persistence of
w xcompeting species 1, 2, 8, 12 . In this paper, we analyze a two species
discrete competition model with a refuge for one of the competing popula-
tions.
The model for this study is composed of two patches, patches A and B,
that are connected by diffusion. The model is of the form
¦x t q 1 s x t g x t q b x t .  .  .  . .1A 1A 1 1A 2 A
x t q 1 s x t g a x t q x t .  .  .  . .2 A 2 A 2 1A 2 A
¥qd x t g x t y x t g a x t q x t 4 .  .  .  .  . .  .2 B 3 2 B 2 A 2 1A 2 A
x t q 1 s x t g x t .  .  . .2 B 2 B 3 2 B §qd x t g a x t q x t y x t g x t 4 .  .  .  .  . .  .2 A 2 1A 2 A 2 B 3 2 B
1 .
where the diffusion coefficient d is not more than 1r2.
 4  .For each i g 1, 2 , in patch A, x t is the population density of speciesiA
w .  .i at generation t with the function g : 0, ` ª 0, ` being its growth rate.i
 .In patch B, x t is the population density of species 2 at generation t2 B
w .  .  .with g : 0, ` ª 0, ` being its growth function. To insure that system 13
is a competitive system, we assume throughout that each growth function
w .  .g : 0, ` ª 0, ` is a strictly decreasing continuous function that takes oni
positive values bigger than one and less than one. As a result, density
 .effects are deleterious in system 1 . The interspecies competition coeffi-
cients a and b are positive constants. This makes species 1 and 2 interact
directly.
 .Note that in system 1 , species 1 and 2 compete in patch A with species
1 being the sedentary species. Population pressure causes species 2 to
 .diffuse between patches A and B. In system 1 , the diffusion term is a
fraction of the difference between the populations of species 2 in patches
w xA and B. Patch B is a safe refuge for species 2. Takeuchi 16, 22]24 has
studied continuous competition models with a refuge for one of the
populations.
 .It is well known that system 1 , with only a single species present, is
capable of generating complex dynamics such as a period doubling bifurca-
w x  .tions route to chaos 14, 17, 18 . Nevertheless, in system 1 we obtain
various criteria for the extinction and persistence of species.
In particular, we establish that species 2 is the superior competitor in
 .system 1 whenever the growth rate of species 1 is always less than a
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special linear combination of the growth rates of species 2 Theorems 1
.and 2 . For Kolmogorov-type discrete systems with no dispersal of species
between patches, it is known that if the growth rate of a species always
exceeds that of another, then the species with the smaller growth rate is
w xdriven to extinction 7 . We illustrate with an example that providing a safe
refuge for the species with the larger growth rate does not always make it a
superior competitor. In fact, in our example, Example 2, the species that
would otherwise become extinct without diffusion, coexists with the species
w xthat has the larger growth function. Franke and Yakubu 4]7 have
established various exclusion principles for Kolmogorov type discrete sys-
tems with no spatial structure.
Species 2, despite its safe refuge, could be driven to extinction provided
it is an unsuccessful competitor in patch A and patch B is not suitable for
its growth and reproduction. Theorem 3 provides sufficient conditions for
the extinction of species 2.
Persistence has emerged as one of the most pertinent stability concepts
for ecological models. The two main approaches to persistence that have
been developed are boundary flow analysis of particular use for low-di-
.mensional models and Lyapunov functions. These techniques have been
exploited with some success for continuous models so far, but to a lesser
w x  .extent for discrete models 11, 13, 19]21 . In system 1 , we obtain
persistence conditions which rule out the possibility of a population
becoming arbitrarily close to zero and therefore risking the extinction of
 .that species. We prove that in system 1 a species persists whenever all of
 .its carrying capacities are sufficiently large Theorems 5 and 6 .
2. NOTATIONS AND PRELIMINARIES
 .In system 1 , we denote the vector of population densities
  .  .  ..  . w xx t , x t , x t by x , x , x . For each i g 1, 2, 3 , we define the1A 2 A 2 B 1 2 3
w . w .  .  .map f : 0, ` ª 0, ` by f x s x g x . The iterates of the one-dimen-i i i i i i
sional map f are the density sequence generated by the single-speciesi
 .  .   ..ecological model x t q 1 s x t g x t . We denote the positive fixedi i i i
point of f by X . Since each growth function g takes on the value one ini i i
 .  .0, ` , X exists in 0, ` .i
 .  .If 0 - x - X , then f x ) x ; and if x ) X , then f x - x . Conse-i i i i i i i i i i
w .quently, under f iterations every point in 0, ` enters or just limits on thei
w x.compact invariant interval I ' f 0, X .i i i
 . w . w .To write system 1 as a map, we define the map F: 0, ` = 0, ` =
w . w . w . w .  .   .0, ` ª 0, ` = 0, ` = 0, ` by F x , x , x s x g x q b x ,1 2 3 1 1 1 2
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 .   .  .4  .  x g a x q x q d x g x y x g a x q x , x g x q d x g a x2 2 1 2 3 3 3 2 2 1 2 3 3 3 2 2 1
.  .4.q x y x g x . The set of all iterates of the map F is equivalent to2 3 3 3
 . nthe set of all the density sequences generated by system 1 . F is the map
n . nF composed with itself n times and F p is the ith component of Fi
w . w . w .evaluated at the point p in 0, ` = 0, ` = 0, ` . Consequently, in system
 . n1 , F describes the state of the population densities in generation n.
The following result states that population explosion does not occur in
 .system 1 .
 .LEMMA 1. In system 1 , no point has an unbounded orbit.
 . w . w . w .Proof. Consider a point x s x , x , x g 0, ` = 0, ` = 0, ` . We1 2 3
 4  n .4need to show that for each i g 1, 2, 3 , the sequence F x isi nG 0
bounded.
 .By the decreasing nature of the growth function g we obtain F x s1 1
 .  .  .  . x g x q b x F f x s x g x . Next observe that F x s x g a x1 1 1 2 1 1 1 1 1 2 2 2 1
.   .  .4   .  .4q x q d x g x y x g a x q x F max x g a x q x , x g x2 3 3 3 2 2 1 2 2 2 1 2 3 3 3
 .  .   .  .4  and F x s x g x q d x g a x q x y x g x F max x g a x3 3 3 3 2 2 1 2 3 3 3 2 2 1
.  .4q x , x g x .2 3 3 3
 4  .   .By the decreasing nature of g , for each i g 2, 3 , F x F max f x2 i 2 2
 .  .  .4  .s x g x , f x s x g x . Therefore, for each x s x , x , x g2 2 2 3 3 3 3 3 1 2 3
w . w . w .  4  40, ` = 0, ` = 0, ` and i g 1, 2, 3 there exists j g 1, 2, 3 satisfying
 .  .F x F f x .i j j
w x  .Recall that 0, max I is f invariant and f x - x whenever x )j j j j j j
 . w . w . w .max I . Hence, for each x s x , x , x g 0, ` = 0, ` = 0, ` and i gj 1 2 3
 4  n .4   .1, 2, 3 , the sequence F x is bounded by max max x ,i nG 0 j j
 .4  .max max I . Thus, no point in system 1 has an unbounded orbit andj j
that completes the proof.
 .  .  .  .  .  .In system 1 , F x s 1 y d x g a x q x q dx g x and F x s2 2 2 1 2 3 3 3 3
1 .  .  .dx g a x q x q 1 y d x g x . Since 0 - d F , we have that for2 2 1 2 3 3 3 2
 . w . w . w .   ..  .each point x s x , x , x g 0, ` = 0, ` = 0, ` , dr 1 y d F x F1 2 3 3
 .  . .  .F x F 1 y d rd F x . This observation together with the proof of2 3
Lemma 1 gives the following result.
 . w .COROLLARY 1. In system 1 , the v-limit set of e¨ery point in 0, ` =
w . w .0, ` = 0, ` is a nonempty subset of the compact positi¨ ely in¨ariant
  . w . w .set C l W, where the cube C ' x s x , x , x g 0, ` = 0, ` =1 2 3
w .  440, ` ¬ 0 F x F max I , 0 F x , x F max max I , max I and the1 1 2 3 2 3
  . w . w . w .   ..wedge W ' x s x , x , x g 0, ` = 0, ` = 0, ` ¬ dr 1 y d x F1 2 3 3
 . . 4x F 1 y d rd x .2 3
We will be coming back to the notations C, I , W, and X throughouti i
the paper.
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3. SPECIES 1 EXTINCTION
 .In system 1 , species 2 diffuses between patches A and B while its
competitor, species 1, is confined to patch A. Thus, species 2 could be a
superior competitor especially if its safe refuge is ideal for its growth and
reproduction. In this section, we establish conditions that lead to the
extinction of species 1.
 .DEFINITION 1. In system 1 , species 2 is a superior competitor if there
c .  . exists a positive constant c such that either g x q b x - 1 y d g a x1 1 2 2 1
.  . c .  2 qx for all x s x , x , x g C l W or g x q b x - d r 1 y2 1 2 3 1 1 2
..  .  .d g a x q x for all x s x , x , x g C l W.2 1 2 1 2 3
 .By definition 1 , species 2 is a superior competitor if the growth rate of
species 1 in patch A raised to a power is always less than the product of
 . 2  .the growth rate of species 2 in patch A and 1 y d or d r 1 y d . Species
1 is driven to extinction whenever species 2 is a superior competitor
 .Theorem 1 . In Section 5, we illustrate with an example that stable
 .coexistence of the two competing species in system 1 could occur with the
growth rate of species 2 in patch A always exceeding that of species 1.
 .THEOREM 1. In system 1 , if species 2 is a superior competitor, then
 . w . w . w .  .  4y ) 0 at y s y , y , y g 0, ` = 0, ` = 0, ` implies that v y ; 02 1 2 3
w . w .= 0, ` = 0, ` . Hence, species 1 goes extinct.
 4 w . w .Proof. Since 0 = 0, ` = 0, ` is F invariant, we may assume y ) 0.1
w . w . w .By Corollary 1, the v-limit set of every point in 0, ` = 0, ` = 0, ` is
a nonempty subset of the compact invariant set C l W. As a result, we
 .consider y s y , y , y g C l W satisfying y ) 0 and y ) 0. Let x s1 2 3 1 2
 .  . ni .x , x , x g v y . By definition, there exists n ª q` such that F y1 2 3 i
n i .ª x. We need to show that F y ª 0 as n ª q`.1 i
w .  . cDefine V: C l W ª 0, ` by V y s y ry , where y ) 0 and c ) 0 is1 2 2
given by species 2 being a superior competitor. Next, we show that V is a
 .Lyapunov function for system 1 . Hence, it decreases to a limit point with
zero first coordinate.
 .  .  .  .If x ) 0, then F x s 1 y d x g a x q x q dx g x ) 0. If in2 2 2 2 1 2 3 3 3
 .  .   ..  .addition x ) 0, then F x s x g x q b x ) 0 and V F x rV x s1 1 1 1 1 2
c .  .  .  ..x g x q b x r 1 y d x g a x q x q dx g x . Since x s2 1 1 2 2 2 1 2 3 3 3
 .   ..  . .x , x , x g W, dr 1 y d x F x F 1 y d rd x . As a result, by re-1 2 3 3 2 2
  ..   ..  .placing x with dr 1 y d x in V F x rV x , we obtain that3 2
V F x rV x F g c x q b x r 1 y d g a x q x .  .  .  .  . . 1 1 2 2 1 2
q d2r 1 y d g x .  . . .3 3
F g c x q b x r 1 y d g a x q x . .  .  .1 1 2 2 1 2
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 . .  On the other hand, by replacing x with either 1 y d rd x or dr 1 y2 3
..   ..  .d x in V F x rV x , we obtain that3
V F x rV x F 1 y d rd g c x q b x r dg a x q x q dg x .  .  .  .  .  . .  .  .1 1 2 2 1 2 3 3
F 1 y d rd2 g c x q b x rg a x q x . .  .  . . 1 1 2 2 1 2
  ..  .Species 2 is a superior competitor implies that V F x rV x - 1. There-
 .fore, for all points y s y , y , y g C l W satisfying y ) 0 and y ) 01 2 3 1 2
  ..  .we know that V F y rV y - 1.
  ..  .If x ) 0 and x ) 0, then V F x rV x - 1. However, this is impossi-1 2
ble for an v-limit point. Hence, x s 0 if x ) 0. If x ) 0 and x s 0,1 2 1 2
  ni ..4then the sequence V F y is unbounded, a contradiction. As a result,
 .  4 w . w .v y ; 0 = 0, ` = 0, ` , and this finishes the proof.
To apply Theorem 1 to a specific ecological system, we consider the
following two species model with exponential growth:
¦x t q 1 s x t exp p y q x t q b x t .  .  .  . . .1 1 1 1 1 2
x t q 1 s x t exp p y q a x t q x t .  .  .  . . .2 2 2 2 1 2
qd x t exp p y q x t  .  . .3 3 3 3 ¥y x t exp p y q a x t q x t .  .  . 24 .  . .2 2 2 1 2
x t q 1 s x t exp p y q x t .  .  . .3 3 3 3 3
qd x t exp p y q a x t q x t .  .  .  . .2 2 2 1 2 §y x t exp p y q x t 4 .  . .3 3 3 3
 4where for each i g 1, 2, 3 , p and q are positive constants, and where ai i
1 x  .and b are positive constants with d in 0, . Note that system 2 is system2
 .  .  .  4  .1 with g x s exp p y q x for each i g 1, 2, 3 and x , x , x si i i i i 1A 2 A 2 B
 .x , x , x .1 2 3
 .In system 2 , there are various choices of the parameters that make
species 2 a superior competitor. For example, set the following parameter
 .  .values in system 2 : a s b s 1, q s q s 1, and p - p q ln 1 y d .1 2 1 2
 .   ..With this choice of constants, g x q b x s exp p y q x q b x -1 1 2 1 1 1 2
 .  .  .   ..1 y d g a x q x s 1 y d exp p y q a x q x for all points x s2 1 2 2 2 1 2
 .x , x , x . Hence, species 2 is a superior competitor. Theorem 1 implies1 2 3
species 1 is driven to extinction. Note that in this example the carrying
capacity of species 1, X s p rq , is less than that of the superior species 21 1 1
in patch A, X s p rq .2 2 2
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 .DEFINITION 2. In system 1 , species 2 is a quasi superior competitor if
c . there exists a positive constant c such that either g x q b x - 1 y1 1 2
.  .  2  ..  .  .d g a x q x q d r 1 y d g x for all x s x , x , x g C l W or2 1 2 3 3 1 2 3
c .  2  ..  .  .4g x q b x - d r 1 y d g a x q x q g x for all x s1 1 2 2 1 2 3 3
 .x , x , x g C l W.1 2 3
Species 2 is a quasi superior competitor if a linear combination of its
growth rates always exceeds the growth rate of species 1 raised to a power.
Note that species 2 being a superior competitor implies species 2 is a quasi
 .superior competitor. Next, we show that in system 1 a quasi superior
species 2 ultimately drives species 1 to extinction.
 .THEOREM 2. In system 1 , if species 2 is a quasi superior competitor,
 . w . w . w .  .then y ) 0 at y s y , y , y g 0, ` = 0, ` = 0, ` implies that v y ;2 1 2 3
 4 w . w .0 = 0, ` = 0, ` . Hence, species 1 becomes extinct.
The proof of Theorem 2 is exactly the same as that of Theorem 1 and is
omitted.
1 .In system 1 , there is complete diffusion whenever d s . With com-2
 .  .plete diffusion, F x s F x for all x and the wedge W reduces to2 3
  . w . w . w . 4x s x , x , x g 0, ` = 0, ` = 0, ` ¬ x s x . Using this observation1 2 3 2 3
and letting c s 1 in Definition 2, we obtain that species 2 is a quasi
superior competitor and not a superior competitor whenever all of the
 .following 3 conditions are satisfied in system 1 :
1 .a d s 2
 .b a s b
 .  .  .  . w .c g s s g s - g s ;s g 0, ` .1 2 3
In this situation, species 1 is driven to extinction despite the fact that it has
 .the same growth rate as species 2 in patch A Theorem 2 .
 .As an example, in system 2 we set the following parameter values: d
1s , a s b s 1, q s q s q , p s p - p . With our choice of con-1 2 3 1 2 32
 .  .  .stants, conditions a , b , and c above are satisfied. Therefore, species 2
is a quasi superior competitor and not a superior competitor.
4. SPECIES 2 EXTINCTION
If species 2 is an unsuccessful competitor in patch A and patch B is not
suitable for its reproduction and growth, then its growth is stunted and it
could be driven to extinction. In this section, we establish sufficient
conditions that guarantee the extinction of species 2, the species which
diffuses between patches A and B.
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 .In system 1 , a direct computation shows that the eigenvalues of
X1
DF 0 00
X  .are 1 q X g X and1 1 1
1
1 y d g a X q g 0 .  .  . . 2 1 32
22’" 1 y d g a X q g 0 y 4 1 y 2 d g 0 g a X . .  .  .  .  .  . . 52 1 3 3 2 1
Thus, if all the eigenvalues of
X1
DF 0 00
 .are inside the unit circle, then the fixed point X , 0, 0 is stable. Hence, in1
 .this situation, positive population densities in the neighborhood of X , 0, 01
lead to the extinction of species 2.
1 .  .As an example, in system 2 let d s . If in addition p g 0, 2 and12
 .  .exp p y a p q rq q exp p - 2, then all the eigenvalues of2 1 2 1 3
p rq1 1
DF 0 00
are inside the unit circle. Thus, with this choice of constants, species 2 is
driven to extinction despite the fact that it has a safe refuge.
In contrast to the above local result, we now focus on global exclusion
criteria for species 2.
 .DEFINITION 3. In system 1 , species 1 is a superior competitor if there
exists a positive constant c such that one of the following inequalities is
satisfied.
i 1 y d g a x q x q g x - g c x q b x 4 .  .  .  .  .2 1 2 3 3 1 1 2
 .for all x s x , x , x g C l W.1 2 3
21 y d 1 y d .  .
cii g a x q x q dg x - g x q b x .  .  .  .2 1 2 3 3 1 1 2 5d d
 .for all x s x , x , x g C l W.1 2 3
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1 y d .
ciii 1 y d g a x q x q g x - g x q b x .  .  .  .  .2 1 2 3 3 1 1 2 5d
 .for all x s x , x , x g C l W.1 2 3
1 y d .
civ 1 y d g a x q x q g x - g x q b x .  .  .  .  .2 1 2 3 3 1 1 2 5d
 .for all x s x , x , x g C l W.1 2 3
By Definition 3, species 1 is a superior competitor if its growth rate
raised to a power always exceeds a linear combination of all the growth
rates of species 2. The following result states that, irrespective of initial
population densities, a superior species 1 ultimately drives species 2 to
extinction.
 .THEOREM 3. In system 1 , if species 1 is a superior competitor and
 .  .  .  .  . w .  4  4y s y , y , y g 0, ` = 0, ` = 0, ` , then v y ; 0, ` = 0 = 0 .1 2 3
Hence, species 2 goes extinct.
To prove Theorem 3, proceed exactly as in the proof of Theorem 1. In
 .  .  .4 cthe proof of Theorem 3, if either 1 y d g a x q x q g x - g x2 1 2 3 3 1 1
.  .  . .q b x for all x s x , x , x g C l W or 1 y d rd 1 y2 1 2 3
.2 .  .  .4 c .  .d rd g a x q x q dg x - g x q b x for all x s x , x , x g2 1 2 3 3 1 1 2 1 2 3
w .C l W, then define the Lyapunov function V: C l W ª 0, ` by
 . cV x , x , x s x rx . Otherwise, define the Lyapunov function V: C l W1 2 3 2 1
w .  .  . cª 0, ` by V x , x , x s x q x rx . By using these two Lyapunov1 2 3 2 3 1
functions and the superior competitor condition, one establishes the proof
of Theorem 3.
 .Now, we apply Theorem 3 to system 1 with all growth functions being
  ..  xexponential system 2 . In this system, X s p rq . If p g 0, 1 , max I si i i i i
 . piy1X ; otherwise, max I s 1rq e . We set the following parameteri i i
1 p3 .values in system 2 : d s , a s b s 1, q s q s q , p s 1, and e q1 2 3 12
e p2y1 - 2.
With our choice of constants, max I s p rq . Thus, for all x s1 1 1
 . p3 p2y1x , x , x g C l W, x F p rq . The inequality e q e - 2 implies1 2 3 1 1 1
p3  p1 p2 . yp 1 p3  p1that e - 2 e y e e ; which also implies that e - 2 e y
p2 . yq 1 x1e e . By complete diffusion, x s x . As a result, the last inequality2 3
1 p yq x p yq  x qx . p yq  x qx .3 3 3 2 2 1 2 1 1 1 2 4implies e q e - e . That is, with our choice2
of constants, species 1 is the superior competitor. Theorem 3 implies that
species 2 is driven to extinction.
Note that, with the above choice of parameter values, the local stability
p rq1 1 .  .0of the fixed point implies its global stability Theorem 3 .
0
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5. COEXISTENCE
Volterra's principle for a system of ordinary differential equations states
that a dominant species drives all the dominated species to extinction. By
providing a safe refuge for the endangered species in such a system,
w xTakeuchi 24 saved the species from the brink of extinction. Here, in the
 .discrete time model, system 2 , we use two examples to illustrate stable
coexistence of species with diffusion where there is extinction of species
without diffusion. In the first example, we obtain stable coexistence of
species by providing a safe refuge for the endangered species. This is
similar to the result of Takeuchi. In the second example, we demonstrate
stable coexistence by providing a safe refuge for the dominant species.
If there is no diffusion and the density of species 2 in patch B is zero,
 .then system 1 reduces to:
x t q 1 s x t g x t q b x t .  .  .  . .1 1 1 1 2 . 3 .5x t q 1 s x t g a x t q x t .  .  .  . .2 2 2 1 2
For reference, we state the following exclusion principle for Kolmogorov
type systems with non dispersion between patches.
 .  .  .  .THEOREM 4 7 . In system 3 , if g x q b x - g a x q x for all1 1 2 2 1 2
 . w . w .x s x , x g 0, ` = 0, ` , then the v-limit set of e¨ery interior point of1 2
w . w .  4 w .0, ` = 0, ` is a subset of 0 = 0, ` . Hence, species 1 goes extinct.
 .EXAMPLE 1. We set the following parameter values in system 2 :
a s 1, b s 1, p s 2, p s 1, p s 2.1, and q s q s q s 0.1. With this1 2 3 1 2 3
 .  .choice of constants, g x q b x ) g a x q x for all points x s1 1 2 2 1 2
 . w . w .x , x g 0, ` = 0, ` . Theorem 4 implies the extinction of species 21 2
provided there is no dispersion. However, if the diffusion coefficient
 .d s 0.4, then our numerical calculations show that system 2 has a stable
 .interior equilibrium at the point 7.023797, 12.9762, 17.07747 . A direct
calculation shows that the eigenvalues of the interior equilibrium are less
than 0.77 in absolute value.
To investigate the regions of coexistence in parameter space, we vary the
diffusion coefficient, d, and the intrinsic growth rate in the safe refuge, p .3
Our numerical experiments indicate that in Fig. 1, Region B corresponds
 .to parameter values that give coexistence of the species in system 2 .
Region A corresponds to parameter values that lead to the extinction of
species 2, the species that would otherwise go extinct without diffusion.
Region C corresponds to parameter values that lead to the extinction of
species 1, the dominant species without dispersal between patches.
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 .  .FIG. 1. Coexistence versus extinction in p , d space for system 2 with a safe refuge for3
the endangered species: Region A, extinction of species 2; Region B, coexistence; Region C,
extinction of species 1.
EXAMPLE 2. In contrast to Example 1, we now provide a safe refuge for
 .the dominant species. We set the following parameter values in system 2 :
a s 1, b s 1, p s 2, p s 2.1, p s 1, and q s q s q s 0.1. With our1 2 3 1 2 3
 .  .choice of constants, g x q b x - g a x q x for all points x s1 1 2 2 1 2
 . w . w .x , x g 0, ` = 0, ` . Theorem 4 implies the extinction of species 11 2
provided there is no dispersion. However, if the diffusion coefficient
 .d s 0.4, then our numerical calculations show that system 2 has a stable
 .interior equilibrium at the point 8.202973, 11.79703, 11.17667 . A direct
calculation shows that the eigenvalues of the interior equilibrium are less
than 0.84 in absolute value.
Numerical exploration seems to suggest that in Fig. 2, Region A corre-
sponds to the stable coexistence of the two competing species. Region B,
in Fig. 2, corresponds to parameter values that lead to the ultimate
extinction of species 1.
These two examples show that an endangered species could be saved
from the brink of extinction by allowing either of the competing species in
the ecosystem to diffuse between patches.
6. PERSISTENCE
Persistence captures the idea of survival of species. In this section we
 .obtain persistence results for system 1 .
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 .  .FIG. 2. Coexistence versus extinction in p , d space for system 2 with a safe refuge for3
the dominant species: Region A, coexistence; Region B, extinction of species 1.
In this section we make the following assumptions:
1. X is a locally compact metric space with metric d,
2. f : X ª X is a continuous map,
3. K and T are subsets of X,
  . .4. T is a compact and positively invariant f T ; T ,
5. K is closed with K and X R K being positively invariant, and
6. M s K l T.
 .We say that f is uniformly persistent with respect to K if there exists
 n . .h ) 0 such that for all x g X R K, lim inf d f x , K ) h. The fol-nª`
wlowing result, a generalization of a result of Fonda 3; also 13, Corollary
x  .2.2 ; will be useful in the proof of persistence results for system 1 .
 .  .PROPOSITION 1. Let v x ; T ; x g X. Then ; x g X R K, v x l K
w .s B if there exists a continuous function p: X ª 0, ` such that:
 .1. p x s 0 ; x g M, and
2. there exists a closed neighborhood V of M such that ; x g V R K
 .  n ..  .there exists n s n x ) 0 satisfying p f x ) p x .
Moreover, f is uniformly persistent with respect to K.
q .   . 2 . 4Proof. Let x g V R K and let g x s x, f x , f x , . . . . Suppose
 q ..  q ..  .  .cl g x ; V. Then there exists y g cl g x satisfying p y G p z for
 q ..  .  n ..all x g cl g x . Hence, y f M and p y G p f y for all n G 0, a
 q ..contradiction. Thus, cl g x is not a subset of V. On the other hand, if
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 .  q n ...x g X has v x ; M, then there exists n such that cl g f x ; V.
Now, X R K is positively invariant, so there is no point x g X R K
 .satisfying v x ; M. Thus, the only positively invariant subsets of V are
subsets of K. Since T is a compact subset of a locally compact metric
space, it has a compact neighborhood U such that U l K is a subset of the
` n  ..interior of V. Let S s D f cl U R V .ns0
N n  ..Claim. There exists N G 0 such that S s D f cl U R V .ns0
 .To prove the claim, note that if x g cl U R V , then x f K. Also, since
 .  . n .v x ; T , there exists n s n x G 1 such that f x is in the interior of
U R V. By compactness, there exists a positive integer N such that for
 .  .  .each x g cl U R V there exists an integer n s n x with 1 F n x F N
n .and f x is in the interior of U R V.
To complete the proof of the proposition, we note that S is a compact,
positively invariant set which is disjoint from K. X R S is a repelling
 n . .neighborhood for K. Thus, lim inf d f x , K G h ) 0 for all x g Xnª`
R K, where h is the distance between K and S.
 .We now state and prove a persistence result for system 1 . If the growth
function of species 1 is a function of the total population of species in
patch A, x q x , and its carrying capacity is sufficiently large, then1 2
independent of the ability of species 2 to diffuse between patches, species
1 continues to persist.
 .  4THEOREM 5. In system 1 , let b s 1. If X ) max max I , max I , then1 2 3
 4 w . w .F is uniformly persistent with respect to 0 = 0, ` = 0, ` . Hence, for each
 .  .  .  .  .  4 w .point x s x , x , x g 0, ` = 0, ` = 0, ` , v x l 0 = 0, ` =1 2 3
w .0, ` s B, and species 1 persists.
Proof. To establish Theorem 5, we will show that all the hypotheses of
Proposition 1 are satisfied. The theorem then follows by a direct applica-
tion of Proposition 1.
Let T s C l W. By Corollary 1, T is a nonempty, compact, positively F
 .  . w . w .invariant set and v x ; T for all x s x , x , x g 0, ` = 0, ` =1 2 3
w .  4 w . w .0, ` . Let K s 0 = 0, ` = 0, ` . K is a closed positively invariant
w . w . w . w . w . w . .subset of 0, ` = 0, ` = 0, ` and F 0, ` = 0, ` = 0, ` R K ;
w . w . w .0, ` = 0, ` = 0, ` R K.
1 <Now, let M s T l K. Choose e ) 0 satisfying 0 - e - X y12
 . < w . w . w .max max I , max I . Let V be the closed region in 0, ` = 0, ` = 0, `2 3
 4  4bounded by the planes x s e and max x , x s e q max max I , max I .1 2 3 2 3
w . w .By construction, V is a closed neighborhood of the set M in 0, ` = 0, `
w .  .= 0, ` . For all points x s x , x , x g V , x q x F 2 e q1 2 3 1 2
 4max max I , max I F X . By the monotonicity condition on g and the2 3 1 1
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 .hypothesis b s 1, we obtain that for all points x s x , x , x g V,1 2 3
 .  .g x q b x ) g X s 1. Now, define the continuous function p:1 1 2 1 1
w . w . w . w .  .0, ` = 0, ` = 0, ` ª 0, ` by p x , x , x s x . For all points x g M,1 2 3 1
 .   ..  .p x s 0. Also, for all points x g V R K, p F x ) p x . Therefore, all
the conditions of Proposition 1 are satisfied, and hence F is uniformly
persistent with respect to the repelling set K. This completes the proof.
The next result states that if each of the carrying capacities of species 2
in patches A and B are sufficiently large then it continuous to persist.
 .  .THEOREM 6. In system 1 , let a s 1. If min X , X ) max I , then F2 3 1
w .  4  4is uniformly persistent with respect to 0, ` = 0 = 0 . Hence, for each
 .  .  .  .  . w .  4  4x s x , x , x g 0, ` = 0, ` = 0, ` , v x l 0, ` = 0 = 0 s B,1 2 3
and species 2 persists.
Proof. The proof of Theorem 6 is similar to that of Theorem 5. To
prove Theorem 6, as in the proof of Theorem 5, we proceed to show that
all the conditions of Proposition 1 are satisfied.
By Corollary 1, T s C l W is a compact positively invariant set and
 . w . w . w . w .  4v x ; T for all x g 0, ` = 0, ` = 0, ` . Now, let K s 0, ` = 0 =
 4 w . w . w .0 . K is a closed positively invaraint subset of 0, ` = 0, ` = 0, ` , and
w . w . w .0, ` = 0, ` = 0, ` R K is also a positively F invariant set. Recall that
M s T l K.
w . w . w .To construct the closed neighborhood V of M in 0, ` = 0, ` = 0, ` ,
1 <  4 <choose e ) 0 satisfying 0 - e - max X , X y max I . Now, let V be2 3 12
w . w . w .the closed region in 0, ` = 0, ` = 0, ` bounded by the three coordi-
  . w . w . w .nate planes and the hyperplane x s x , x , x g 0, ` = 0, ` = 0, ` ¬1 2 3
4x q x q x F max I q e . Note that V is a closed neighborhood of M.1 2 3 1
 .For each point x s x , x , x g V, x q x q x F max I q e -1 2 3 1 2 3 1
 4 w . w . w . w .  .min X , X . Define p: 0, ` = 0, ` = 0, ` ª 0, ` by p x , x , x s2 3 1 2 3
 .x q x . Clearly, p x s 0 for each x g M. By construction and the fact2 3
that a s 1, we have that for all x g V R K, a x q x - X and x - X .1 2 2 3 3
 .  .Hence, g a x q x ) 1 and g x ) 1. Therefore, for all x g V R K,2 1 2 3 3
  ..  .  .  .  .  .p F x s F x q F x s x g a x q x q x g x ) p x s x q x ,2 3 2 2 1 2 3 3 3 2 3
since x and x are not simultaneously equal to zero. As in the proof of2 3
Theorem 5, all the conditions in Proposition 1 are satisfied and the result
is immediate.
 .  .We now apply Theorems 5 and 6 to system 2 . Recall that in system 2 ,
 4  .  .for each i g 1, 2, 3 , X s p rq . If p g 0, 1 in system 2 , then max I si i i i i
 .  .X , otherwise max I s 1rq exp p y 1 . By Theorem 5, if b s 1 andi i i i
 .  .p , p g 0, 1 , then in system 2 , species 1 continues to persist provided2 3
that its carrying capacity, X s p rq , is larger than the carrying capacity1 1 1
of species 2 in either patch A or B.
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 .  .If we reset the parameters in system 2 so that a s 1 and p g 0, 1 ,1
then species 2 continues to persist provided both of its carrying capacities
 .are bigger than that of species 1 Theorem 6 .
7. BIOLOGICAL CONCLUSIONS
We consider a two species discrete competitive system where one of the
species has a spatial refuge from competition. In this system, the two
species, species 1 and 2, compete in patch A with species 2 allowed to
diffuse between patches A and B. Analytic criteria for the persistence or
extinction of each species individually are obtained. In addition, we exhibit
numerical computations of stable equilibria with both species present.
Using precise dominance definitions we obtain various exclusion princi-
ples. These dominance definitions compare a linear combination of the
growth rates of species 2 in patches A and B to the growth rate of species
1 in patch A raised to a positive power.
We obtain persistence results when the growth rates in patch A are
functions of the total population of the species in that patch. Species 1
persists provided its carrying capacity is sufficiently large. Species 2 will
persist if its carrying capacities in both patches A and B are sufficiently
large.
Numerical explorations are used to demonstrate stable coexistence of
species with diffusion, where there is extinction of species without diffu-
sion. In particular, we obtain that providing a safe refuge for an endan-
gered species could save it from extinction. In fact, a stable positive
equilibrium population is achieved.
A dominant species with a safe refuge could coexist with a sedentary
weak species. This stable coexistence occurs if the carrying capacity of the
dominant species in patch A is significantly bigger than its carrying
capacity in the refuge, patch B. In this situation, a large percentage of its
population in patch A diffuses to the refuge. This ultimately levels the
competition in patch A and the stable coexistence of the two competitors
occurs.
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